Abstract -The present work deals with two different but subtilely related kinds of conformal mappings: Weyl rescaling in d > 2 dimensional spaces and SO(2, d) transformations. We express how the difference between the two can be compensated by diffeomorphic transformations. This is well known in the framework of String Theory but in the particular case of d = 2 spaces. Indeed, the Polyakov formalism describes world-sheets in terms of two-dimensional conformal field theory. On the other hand, B. Zumino had shown that a classical four-dimensional Weyl-invariant field theory restricted to live in Minkowski space leads to an SO(2, 4)-invariant field theory. We extend Zumino's result to relate Weyl and SO(2, d) symmetries in arbitrary conformally flat spaces (CFS). This allows us to assert that a classical SO(2, d)-invariant field does not distinguish, at least locally, between two different d-dimensional CFSs.
Weyl rescalings and SO(2, d) transformations have different natures, the first is a metric rescaling and the second is a coordinate system transformation. However, the two are subtilely related. They are both conformal transformations and do preserve the space causal structure. As a consequence, some confusion can appear when dealing with the two transformations at the same time. Our purpose is to clarify this confusion by giving the explicit link between them. The conformal symmetry is a fundamental ingredient for theoretical physics covering several areas [1] . A huge amount of papers deal with Weyl invariance, among which we cite [2] [3] [4] [5] [6] [7] [8] . The same thing applies for CFT in d > 2 spaces [9] [10] [11] [12] [13] [14] [15] [16] and d = 2 [17] [18] [19] .
B. Zumino had shown how Weyl invariance implies SO(2, 4) invariance in a flat space [20] : If a classical fourdimensional field theory is invariant under Weyl and diffeomorphic transformations, its restriction to Minkowski space is SO(2, 4)-invariant.
In other words, the difference between the two conformal transformations can be, in this case, compensated by diffeomorphisms, which was earlier indicated in [21] . This result is important since, on one hand, it provides the explicit link between the two kinds of conformal transformations. On the other hand, it allows us to reduce the calculations of the fifteen parameter SO(2, 4) group action (a) E-mail: sofiane@cbpf.br to calculations under Weyl transformations, much easier. This was exploited, for instance, in the works [22] [23] [24] [25] [26] . Let us see how it works with a simple example. It is easy to check the Weyl invariance of the equation ( + 1 6 R)φ = 0 for a scalar field φ defined in a four-dimensional space. Also, Zumino's statement ensures the SO(2, 4) invariance of its minkowskian limit ∂ 2 φ = η µν ∂ µ ∂ ν φ = 0. In both cases, Weyl and SO(2, 4), the field φ transforms with the same conformal weight −1. This is well known for the world-sheet description in the context of the Polyakov formalism of String theory [27] [28] [29] [30] . Nevertheless, the latter deals only with two-dimensional CFT, a singular case where the conformal group becomes infinite. A. Iorio et al. explored a sorte of the inverse relation [31] . The authors developed the Weyl-gauging method which extends a minkowskian SO(2, 4)-invariant field theory to construct a Weyl-invariant theory. Yet, the authors did not mentioned Zumino's work and said nothing about SO(2, d) invariance in curved spaces. Afterwards, R. Jackiw showed that the same procedure holds in two-dimensional spaces [32] .
The present work extends Zumino's statement in the following terms: If a classical d > 2 dimensional field theory is invariant under Weyl and diffeomorphic transformations, its restriction to a conformally flat space (CFS) is SO(2, d)-invariant.
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The demonstration can be splited in two parts:
• The restriction of a Weyl-and diffeomorphic-invariant field theory to a d-dimensional Minkowski space leads to an SO(2, d)-invariant theory.
• The transition from the minkowskian SO(2, d)-invariant field theory to its corresponding ddimensional CFS theory is performed by a structure transport using a Weyl rescaling.
The first part of the proof is justified in appendix B, which restores for arbitrary d > 2 the demonstration given by Zumino [20] . In order to develop the second part, let us work in a d > 2 dimensional real manifold M and consider an arbitrary classical field F defined first in Minkowski space (M, η µν ) with the signature (+, −−. . . ) and obeying to the generic dynamical equation
where E is a first-or higher-order differential operator. This equation is assumed to be invariant under the infinitesimal action of SO (2, d). This is because we are interesting in the local structures, i.e. algebraic structures. Also we considere the associated algebra so(2, d). The invariance of (1) under any element e ∈ SO(2, d) is then expressed as
where ζ e are real functions depending on e. The 1+ d 2 (d+3) pairs {e, ζ e } formalize the SO(2, d)-invariant structure of the theory, see appendix B for more details. The set of solutions of the equation (1) forms a representation of the so(2, d) algebra. This representation can be expressed by commutation relations
where X e F denotes the scalar action and Σ e F the tensorial (or spinorial) action. Now, the whole structure -(1, 2, 3) -of the minkowskian SO(2, d)-invariant field theory can be transported to a CFS (M,ḡ µν ). The latter is locally related to Minkowski space by a Weyl rescalinḡ
where the Weyl factor K is a real, non-vanishing and smooth (C ∞ ) function. To do so, we define two maps: the map W to transform the fields and the map H to transform the differential operators acting on them,
where W denotes the map and its matrix representation, it depends on the Weyl factor K and its derivatives. Usually, W takes the form W F = K s F where s is called conformal weight (or dimension) of the field; but more general definitions can be considered for non scalar fields [25, 33] .
First, we use these two maps to transport the equation (1) to get the dynamical equation in the CFS
Then we trasport the generators X e ∈ so(2, d) (they are differential operators) by the map H X e →X e = HX e = W X e W −1 .
The generatorsX e form a new basis for the algebra so(2, d) and the invariance of the equation (7) is implemented as follows
That is to sayζ e = ζ e , which means that the resulting theory defined in the CFS (M,ḡ µν ) keeps exactly the same SO(2, d)-invariant structure of the minkowskian theory. Finally, the group representation of the symmetry group (3) is transported as follows This result might appear intuitive but, to our knowledge, this was never clearly stated in the literature. In [34] , Deser and Nepomechie wrote "Weyl invariance is the essential factor needed for null cone field propagation in a constant curvature space", and since SO(2, 4) invariance was also known to be responsible for null cone propagation in constant curvature spaces, the authors concluded that Weyl invariance implies SO(2, 4) invariance in such spaces. They pointed out in a footnote "Presumably, the result can be extended to general conformally flat spaces". In addition, a recently published article [35] explored the link between Weyl rescalings in four-dimensional spaces and local dilations, one of the fifteen SO(2, 4) transformations, without even referring to Zumino's work.
Note that at the stages (2) and (3) one would be attempted to replace SO(2, 4) by any other Lie group G and follow the same steps (8 -10) . But here is the reason why this is not true. A well defined theory in a given space must be invariant under the associated isometry group. This is where the SO(2, 4) plays a central role. Indeed, the smallest group containing, as subgroups, all isometry groups associated to the CFSs is exactly the restricted conformal group [36, 37] .
The set of conformally flat spaces is of high importance since it gathers all relevant spaces for cosmology: Minkowski, de Sitter, Anti-de Sitter and FLRW type spaces. We have used the Weyl equivalence between CFSs and Minkowski space, but a Weyl rescaling is a local transformation and depends on a coordinate system. The latter does not, in general, cover the whole spaces. Nonetheless, several coordinate systems can be used to compensate this defect, examples are given in [38, 39] . Moreover, SO(2, d) is a Lie group which ensures that the global action can be obtained from the infinitesimal one by using the exponential application. Note that some CFSs, like tori, break the SO(2, 4) invariance globally. This difficulty is avoided since we are looking exclusively to the algebraic (local) structure of SO(2, 4)-invariant field theories. Also, no global behaviors were discussed.
In this work, only classical fields were considered. Quantum fields are much more subtle to deal with. In particular, the quantization of SO(2, d)-invariant fields leads to the so-called conformal anomaly since the renormalization procedure introduces a typical scale (cutoff) which breaks the conformal invariance. The situation is worst in curved spaces, even though these are conformally flat. These questions are important but they are left for future investigations. 
where ω e is the conformal factor of the element e. Thus, Minkowski space is left invariant; and this holds for any CFS. This is why SO (2, d 
where Σ e A denotes the spinorial transformation of the field. These transformations can be written as commutation relations, δ e F (x) = λ 
This provides an so(2, d) representation which is dindependent but s-dependent. Nevertheless, the algebra is d-and s-independent, it is expressed using the generators X e , denoted as usual by P, M, D and K and extracted from (14) (15) (16) (17) :
Appendix B: From Weyl to SO(2, d) in Minkowski space. -The demonstration of Zumino's statement for d > 2 is basically the same as that given by Zumino for d = 4 [20] . Let us consider a field F of conformal weight s, defined in a d-dimensional spacetime (M, g µν ) and verifying the equation
which is invariant under the (infinitesimal, K = 1+k, k ≪ 1) Weyl transformations (compare with (4))
Furthermore, a well defined physical equation in General Relativity has to be invariant under the diffeomorphic transformations (coordinates transformations)
where ξ µ (x) are arbitrary real and infinitesimal functions. This implies the following (Einstein) transformations of the metric tensor and the field F
where Σ denotes the spinorial action. We want to show that the restriction of the equation (19) to Minkowski space (g µν = η µν ) is SO(2, d)-invariant. To do this, we choose the transformations (21) to correspond to those of the SO(2, d) group (11) .
Dilations: Let ξ µ = ǫx µ , the variations (22) become
For the Weyl transformation (20) we choose k(x) = −ǫ.
We obtain
Summing the two contributions (23) and (24), we find
Finally, imposing g µν = η µν , implies the right dilation transformation (16) . SCT: Following the same steps than for the dilations but this time choosing ξ µ = 2 x µ b.x − b µ x 2 in (22)
and taking k(x) = 2 b.x in (20) then summing the result with (26) produces
which, imposing g µν = η µν at the end, implies the right SCT transformation law (17) . Translations and Lorentz transformations: It is sufficient to set the functions ξ µ of (21) to correspond to the translations and Lorentz transformations. These are isometries of Minkowski space and there is no need to involve the Weyl rescaling, so we choose k = 0. The combination of (20) and (22) thus corresponds to the right translations and Lorentz transformations of the SO(2, d) group (14) and (15) . * * *
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